We define and study on Lorentz manifolds a family of covariant diffusions in which the quadratic variation is locally determined by the curvature. This allows the interpretation of the diffusion effect on a particle by its interaction with the ambient space-time. We will focus on the case of warped products, especially RobertsonWalker manifolds, and analyse their asymptotic behaviour in the case of Einstein-de Sitter-like manifolds.
Introduction
It is known since Dudley's pioneer's work [Du] that a relativistic diffusion, i.e. a Lorentzcovariant Markov diffusion process, cannot exist on the base space, even in the Minkowski framework of special relativity, but possibly makes sense at the level of the tangent bundle. In this spirit, the general case of a Lorentz manifold was first investigated in [F-LJ] , where a general relativistic diffusion was introduced. The quadratic variation of this diffusion is constant and does not vanish in the vacuum. In this article, we investigate diffusions whose quadratic variation is locally determined by the curvature of the space, and then vanishes in empty (or at least flat) regions.
The relativistic diffusion considered in [F-LJ] lives on the pseudo-unit tangent bundle T 1 M of the given generic Lorentz manifold (M, g) . As is recalled in Section 3.1 below, it can be obtained by superposing, to the geodesic flow of T 1 M, random fluctuations of the velocity that are given by hyperbolic Brownian motion, if one identifies the tangent space T 1 ξ M with the hyperbolic space H d (at point ξ ∈ M, by means of the pseudo-metric g). These Brownian fluctuations of the velocity can be defined by the vertical Dirichlet form
µ(dξ, dξ) , considered with respect to the Liouville measure µ .
The Dirichlet forms we investigate in this article depend only on the local geometry of (M, g), e.g. on the curvature tensor at the current point ξ , and on the velocityξ . We consider several examples :
-If the scalar curvature R(ξ) is everywhere non-positive (which is physically relevant, see [L-L] ), then the Dirichlet form can be : −
-If the sectional curvatures of timelike planes are everywhere non-negative (sectional curvature has proved to be a natural tool in Lorentzian geometry, see for example [H] , [H-R] ), as this is often the case (at least in usual symmetrical examples), then it is possible to construct a covariant sectional relativistic diffusion which undergoes velocity fluctuations that are no longer isotropically Brownian, using the whole curvature tensor (not the Ricci tensor alone). See Section 6 below. This sectional relativistic diffusion depends on the curvature tensor in a canonical way. Its diffusion symbol vanishes in flat regions (i.e. regions where the whole curvature tensor vanishes), but does not vanish, in general, in empty regions (i.e. regions where the Ricci tensor vanishes).
Note that all these covariant diffusions are the projections on T 1 M of diffusions on the frame bundle G (M) . Actually, they are constructed directly on G (M) , as in [F-LJ] and in the classical construction of Brownian motion on Riemannian manifolds, see [El] , [M] , [I-W] , [Em] , [Hs] , [A-C-T] . These constructions are performed in Sections 3 and 6 below.
Note also that, while in the flat case the Dudley diffusion [Du] is the unique covariant diffusion, the above examples show that this is not at all the same for curved spaces.
In Sections 4 and 5, we study in more detail the case of warped products, and specify further some particularly symmetrical examples, namely Robertson-Walker manifolds, which are warped products with energy-momentum tensor of perfect fluid type.
We investigate more closely Einstein-de Sitter-like manifolds (Robertson-Walker manifolds for which the expansion rate is α(t) = t c for some positive c), reviewing in this simple class of examples, the relativistic diffusions we introduced, which appear to be distinct. We perform in this setting an asymptotic study of the R-diffusion, and of the minimal sub-diffusion (t s ,ṫ s ) relative to the energy E-diffusion.
Canonical vector fields and curvature
We present in this section the main notations and recall a few known facts (see [K-N] ).
Isomorphism between
2 R 1,d and so(1, d)
On the Minkowski space-time R
1,d
, we denote by η = ((η ij )) 0≤i,j≤d the Minkowski tensor  We also denote by ((η ij )) 0≤i,j≤d the inverse tensor, so that η ij η jk = δ k i (or equivalently : η ij = η ij := 1 {i=j=0} − 1 {1≤i=j≤d} ), and by ·, · η the corresponding Minkowski pseudo-metric. For u, v, w ∈ R
, we set u ∧ v (w) := u, w η v − v, w η u .
(
In other terms, this is the interior product of u ∧ v by the dual of w with respect to η .
This defines an endomorphism of R
which belongs to so(1, d), since for any w, w ′ ∈ R 1,d
we have clearly u ∧ v(w), w and so(1, d).
Remark 2.1.1 The Lie bracket of so(1, d) can be expressed, for any a, b, u, v ∈ R 1,d
, by :
, by setting :
so that, if (e 0 , . . . , e d ) is a Lorentz (i.e. pseudo-orthonormal) basis of (
Frame bundle
Lorentz manifold, with pseudo-metric g having signature (+, −, . . . , −), and let T 1 M denote the positive half of the pseudounit tangent bundle. Let G(M) be the bundle of direct pseudo-orthonormal frames, with first element in T 1 M , which has its fibers modelled on the special Lorentz group. Let π 1 : u → π(u), e 0 (u) denote the canonical projection from G(M) onto the unit tangent bundle T 1 M , which to each frame e 0 (u), . . . , e d (u) associates its first vector e 0 .
We denote by T M
where (e 0 , . . . , e d ) denotes the canonical basis of R
The right action of so(1, d) on G(M) defines a linear map V from so(1, d) into vector fields on G(M) (i.e. sections of the canonical projection of
Vector fields V a∧b are called vertical.
Notation
To abreviate the notations, we shall consider mostly the canonical vector fields :
By (3) and (1), for 0 ≤ i, j, k, ℓ ≤ d we have :
We shall often write V j for V 0j .
Denote by p the canonical projection M) , and consider also the projection
is the so-called Whitney sum.
A connection σ can be defined as a bilinear section
Given such a connection σ and a C 1 curve γ , the parallel transport
A connection σ is said to be metric if the associated parallel transport preserves the pseudo-metric, and then acts on G(M) as well as on T M .
A metric connection σ defines the horizontal vector fields
) and u ∈ G(M), by :
The canonical vectors V ij , H k span T G(M) the horizontal (resp. vertical) sub-bundle of T G(M) being spanned by H k 's (resp. V ij 's) . Note that H 0 generates the geodesic flow, that V 1 , . . . , V d generate the boosts, and that the V ij (1 ≤ i, j ≤ d) generate rotations. This allows to define the intrinsic torsion tensor ((T k ij )) and curvature tensor ((R ij kℓ )) (with 0 ≤ i, j, k, ℓ ≤ d) of the metric connection σ, by the assignment :
we can denote more simply by
For any metric connection we have :
There exists a unique metric connection with vanishing torsion, called the Levi-Civita connection. We shall henceforth consider this one.
The curvature operator R ξ is defined on 2 T ξ M by :
The curvature operator is alternatively given by : for any C 1 vector fields X, Y, Z, A ,
The Ricci tensor and Ricci operator are defined, for 0 ≤ i, k ≤ d , by :
The scalar curvature is :
The indexes of the curvature tensor ((R ij kℓ )) and of the Ricci tensor ((R k i )) are lowered or raised by means of the Minkowski tensor ((η ab )) and its inverse ((η ab )). For example, we have :
Remark 2.2.1 The curvature and Ricci operators and tensors are symmetrical :
The energy-momentum tensor ((T k j )) and operator T ξ are defined as :
Note that
The last equality is easily derived from (10) and (11) since writing (ξ,ξ) = (π(u), e 0 (u)) for any u ∈ π −1 1 (ξ,ξ) and T ij = T k i η kj , we have :
The weak energy condition (see [H-E]) stipulates that E(ξ,ξ) ≥ 0 on the whole T 1 M.
We shall need the following general computation rule.
Lemma 2.2.2 For 0 ≤ i, j, k, ℓ, p, q ≤ d , we have :
Proof Using (8) and (1), we have indeed :
Expressions in local coordinates
Then the horizontal and vertical vector fields V ij , V j , H k , which satify the commutation relations (4),(6),(7) of the preceding section 2.2, read as follows. First, denoting by Γ ℓ kj = Γ ℓ jk the Christoffel coefficients of the Levi-Civita connexion ∇, we have for 0 ≤ i, j ≤ d :
This is consistent with (5). Indeed, we have a priori an expression
On the other hand, for a C 1 curve γ satisfying γ 0 = ξ ,γ 0 = e j , denoting by e −1 the matrix inverse to e ≡ ((e k i )) we have :
Recall that the Christoffel coefficients of ∇ are computed by :
or equivalently, by the fact that geodesics solveξ
that is :
The curvature operator expresses in a local chart as : for 0 ≤ m, n, p, q ≤ d ,
Then, the Ricci operator can be computed similarly, as : for 0 ≤ m, p ≤ d ,
The scalar curvature and the energy-momentum operator can be computed by :
To summarize, the Riemann curvature tensor ((R ij kℓ )) is made of the coordinates of the curvature operator R in an orthonormal moving frame, and its indexes are lowered or raised by means of the Minkowski tensor ((η ab )), while the curvature tensor ((R mnpq )) is made of the coordinates of the curvature operator in a local chart, and its indexes are lowered or raised by means of the metric tensor ((g ab )).
To go from one tensor to the other, note that by (15) and (8) 
Case of a perfect fluid
The energy-momentum tensor T (of (11), or equivalentlyT , recall (17)) is associated to a perfect fluid (see [H-E] ) if it has the form :
for some C 1 field U in T 1 M (which represents the velocity of the fluid), and some C 1 functions p, q on M . By Einstein Equations (17), (19) is equivalent to :
or as well, by (16), to :
The quantity U(ξ s ),ξ s , (which is the hyperbolic cosine of the distance, on the unit hyperboloid at ξ s identified with the hyperbolic space between the space-time velocities of the fluid and the path) will be denoted by A s or A(ξ s ,ξ s ).
Note that necessarily A s ≥ 1 . By Formulas (12) and (19), the energy equals :
Remark 2.4.1 (i) The energy of the fluid is simply :
(ii) By (22), the weak energy condition reads here : q ≥ p + .
Covariant Ξ-relativistic diffusions
Let Ξ denote a non-negative smooth function on G(M), invariant under the right action of SO(d) (so that it identifies with a function on T 1 M).
Our examples will be Ξ = − ̺ 2 R and Ξ = ̺ 2 E (for a positive constant ̺).
We call Ξ-relativistic diffusion or Ξ-diffusion the G(M)-valued diffusion process (Φ s ) associated to Ξ we will construct in Section 3.2 below, as well as its T 1 M-valued projection π 1 (Φ s ). Let us first recall our previous construction, which corresponds to a constant Ξ .
The basic relativistic diffusion
The relativistic diffusion process (ξ s ,ξ s ) was defined in [F-LJ] , as the projection under π 1 of the
The infinitesimal generator of the
and the infinitesimal generator of the relativistic diffusion (ξ s ,ξ s ) := π 1 (Ψ s ) is the relativistic operator : 
k s ds , and
Remark 3.1.1 We have on
Indeed, since for each 1 ≤ j ≤ d V j exchanges the basis vectors e 0 =ξ and e j (recall (14)) we get :
and Formulas (26) follow at once by (11).
As an application, a direct computation yields the following evolution of the energy.
Remark 3.1.2 The random energy process E s = E(ξ s ,ξ s ) associated to the basic relativistic diffusion π 1 (Ψ s ) = (ξ s ,ξ s ) satisfies the following equation (where
with the quadratic variation of its martingale part dM E s given by :
We have here in particular
s . Note that the energy E s is not, in general, a Markov process.
Construction of the Ξ-diffusion
Let us start with the following Stratonovitch stochastic differential equation on
Note that all coefficients in this equation are clearly smooth, except √ Ξ on its vanishing set Ξ −1 (0). However, √ Ξ is a locally Lipschitz function ; see ([I-W], Proposition IV.6.2). Hence, Equation (27) 
We have the following proposition, defining the Ξ-relativistic diffusion (or Ξ-diffusion) (Φ s ) on G (M) , and (ξ s ,ξ s ) on T 1 M, possibly till some positive explosion time. 
Its projection
∇ v denoting the gradient on T 1 ξ M equipped with the hyperbolic metric induced by g(ξ). Moreover, the adjoint of H Ξ with respect to the Liouville measure of G(M) is
In particular, if there is no explosion, then the Liouville measure is invariant. Furthermore, if Ξ does not depend onξ , i.e. is a function on M, then the Liouville measure is preserved by the stochastic flow defined by Equation (27).
We specify at once how this looks in a local chart, before giving a proof for both statements.
satisfies dξ s =ξ s ds , and in any local chart, the following Itô stochastic differential equations :
with the quadratic covariation matrix of the martingale term (dM s ) given by :
Proof In local coordinates (ξ i , e k j ), Φ = (ξ ; e 0 , e 1 , . . . , e d ), using Section 2.3, Equation (27) reads :
We compute now the Itô corrections, which involve the partial derivatives of Ξ(ξ,ξ) with respect toξ . We get successively, for
Note that the simplification by Ξ(ξ s ,ξ s ) is allowed, since on Ξ −1 (0) both sides of the simplified formula vanish identically.
Hence, in local coordinates and in Itô form, Equation (27) reads :
Note that we used the formula
Using again this formula, we get the quadratic covariation matrix of the martingale term (dM s ), displayed in the above proposition, which shows that (π 1 (Φ s )) is indeed a diffusion, and proves Corollary 3.2.2.
On the other hand, comparing the above equations with Equations (23) and (24), which correspond to Ξ ≡ ̺ 2 , we get precisely the wanted form (28) for the generator of (Φ s ). 
Now this becomes clear, noting that
Finally, the assertions relative to the Liouville measure are direct consequences of the fact that the vectors H 0 and V j are antisymmetric with respect to the Liouville measure of G (M) . (The invariance with respect to H 0 , i.e. to the geodesic flow, is proved in the same way as in the Riemannian case, and the invariance with respect to V j is straightforward.) ⋄ Remark 3.2.3 (i) The vertical terms could be seen as an effect of the matter or the radiation present in the space-time M. The Ξ-diffusion (Φ s ) reduces to the geodesic flow in the regions of the space where Ξ vanishes, which happens in particular for empty space-
(for positive constant κ) for example.
(ii) As well as for the basic relativistic diffusion, the law of the Ξ-relativistic diffusion is covariant with any isometry of (M, g). The basic relativistic diffusion corresponds to Ξ ≡ ̺ 2 > 0 , and the geodesic flow to Ξ ≡ 0 .
(iii) In [B] is considered a general model for relativistic diffusions, which may be covariant or not. Up to enlarge it slightly, by allowing the "rest frame" (denoted by z in [B] ) to have space vectors of non-unit norm, this model includes the generic Ξ-diffusion compare the above equation (27) to (2.5),(3.3) in [B] .
The R-diffusion
We assume here that the scalar curvature R = R(ξ) is everywhere non-positive on M, which is physically relevant (see [L-L] ), and consider the particular case of Section 3.2 corresponding to Ξ = −̺ 2 R(ξ), with a constant positive parameter ̺ .
In this case, as its central term clearly vanishes, Equation (27) takes on the simple form :
The E-diffusion
We assume that the Weak Energy Condition (recall Section 2.2) holds (everywhere on
, and consider the particular case of Section 3.2 corresponding to Ξ = ̺ 2 E = ̺ 2 E(ξ,ξ) = ̺ 2 T 00 .
We call energy relativistic diffusion or E-diffusion the G(M)-valued diffusion process (Φ s ) we get in this way, as well as its
The following is easily derived from Lemma 2.2.2 and Formula (10). As a consequence, the central drift term in Equation (27) is a function of the Ricci tensor alone when Ξ is.
By Lemma 3.4.1, the drift term of Equation (30) 
Another expression is got by using Einstein equation (17), or equivalently, by computing directly from (30) and (12) :
, where
has the meaning of a matrix product.
Hence, Formula (30) of Proposition 3.2.2 expressing dξ s reads here :
or equivalently :
We can then compute the equation satisfied by the random energy E s . In particular, the drift term discussed above for dξ k s contributes now for : 2̺
This leads to the following, to be compared with Corollary 3.1.2.
Remark 3.4.2 The random energy E s := E(ξ s ,ξ s ) associated to the E-diffusion (Φ s ) satisfies the following equation (where
Note that the diffusion coefficient [E The Lorentz manifold M is said to be Einstein if its Ricci tensor is proportional to its metric tensor. Bianchi's contracted identities (see [H-E] (17) we have :
Hence Equation (19) holds, with q = 0 : we are in a limiting case of perfect fluid. Moreover, R and E are constant, so that on an Einstein Lorentz manifold, the R-diffusion and the E-diffusion coincide with the basic relativistic diffusion (of Section 3.1).
Warped (or skew) products
Let us consider here a Lorentz manifold (M, g) having the warped product form : M = I × M , where I is an open interval of R + and (M, h) is a Riemannian manifold, is endowed with the Lorentzian pseudo-norm g given by :
or equivalently
Here ξ ≡ (t, x) ∈ I × M denotes the generic point of M, and the expansion factor α is a positive C 2 function on I . The so-called Hubble function is :
This structure is considered in [B-E] , which contains most of the following proposition.
Proposition 4.1 Consider a Lorentz manifold (M, g) having the warped product form.
(i) Its curvature operator R is given by : for u, v, w, a ∈ C 2 (I) and X, Y, Z, A ∈ Γ(T M),
K denoting the curvature operator of (M, h).
(ii) Denoting by Ric the Ricci operator of (M, h) and by ·,· the standard canonical inner product of R d , we have :
denote the Levi-Civita connections of (M, g) and (M, h) respectively :
Remark 4.2 In any warped local chart (t, x j ) : for 1 ≤ m, n, p, q ≤ d (K mnpq denoting the curvature tensor of (M, h), and K mp its Ricci tensor) and 0 ≤ k ≤ d , we have
Let us outline the proof for the convenience of the reader.
Proof We get (38), and then (39), by using Koszul formula :
By Formula (9), this entails Formula (36), which is equivalent to (40), by (15).
Then, denoting by (e 1 , . . . , e d ) an orthonormal basis of (M, h) :
which yields (37) ; which is in turn equivalent to (41), by (16). ⋄ Corollary 4.3 A Lorentz manifold (M, g) having the warped product form is of perfect fluid type (recall Section 2.4) if and only if the Ricci operator of its Riemannian factor M is conformal to the identical map : Ric = Ω × Id , for some Ω ∈ C 0 (M).
If this holds, we must have :
Proof By (21) and (37), this happens if and only if for any
which (seen as a polynomial in v) forces U = ∂ t , and then splits intop
, and then, usingp
Corollary 4.4 Consider a Lorentz manifold (M, g) having the warped product form. The
Then the weak energy condition is equivalent to the following lower bounds for the Ricci operator and the scalar curvature R M of the Riemannian factor (M, h) :
And the scalar curvature R of (M, g) equals :
so that its non-positivity is equivalent to the lower bound on the scalar curvature R M :
Proof From (37), we compute the scalar curvature of M :
On the other hand, by (37) we have atξ
Thence Formula (42). Then, the weak energy condition holds if and only if for any t ∈ I and w ∈ T M :
By homogeneity with respect to w , this can be split into the following lower bound for the Ricci operator of the Riemannian factor M :
together with the condition particularised to w = 0 , which yields the following lower bound for the scalar curvature of the Riemannian factor M :
Example of Robertson-Walker (R-W) manifolds
These important manifolds are particular cases of warped product : they can be written M = I × M , where I is an open interval of R + and M ∈ {S 3 , R 3 , H 3 }, with spherical coordinates ξ ≡ (t, r, ϕ, ψ) (which are global in the case of R 3 , H
3
, and are defined separately on two hemispheres in the case of S 3 ), and are endowed with the pseudo-norm :
where the constant scalar spatial curvature k belongs to {−1, 0, 1} (note that r ∈ [0, 1] for k = 1 and r ∈ R + for k = 0, −1), and the expansion factor α is as in the previous section 4. Note that we have necessarilyṫ ≥ 1 everywhere on T 1 M .
By (36), we have the curvature operator given by :
By (37), the Ricci tensor ((R ℓm )) is diagonal, with diagonal entries :
and the scalar curvature is
The Einstein energy-momentum tensorR ℓm − 1 2 R g ℓm =T ℓm is diagonal as well, with diagonal entries :
Hence, we haveT
Thus, in accordance with Corollary 4.3, we have here an example of perfect fluid : Equation (19) holds, with
Note that
By Corollary 4.4 (or by Remark 2.4.1(ii) as well), the weak energy condition is equivalent to :
We shall consider only eternal Robertson-Walker space-times, which have their futuredirected half-geodesics complete. This amounts to I = R * + , together with
In the case of the basic relativistic diffusion (solving Equation (23) in such Robertson-Walker model), we have in particular :
Ξ-relativistic diffusions in an Einstein-de Sitter-like manifold
We consider henceforth the particular case I = ]0, ∞[ , k = 0 , and α(t) = t c , with exponent c > 0 . Note that such expansion functions α can be obtained by solving a proportionality relation between p and q (see [H-E] 
or [L-L])
.
Note that the weak energy condition holds. The scalar curvature is non-positive if and only if c ≥ 1/2 , and the pressure p is non-negative if and only if c ≤ 2/3 .
Note that the particular case c = 2 3
corresponds to a vanishing pressure p , and is precisely known as that of Einstein-de Sitter universe (see for example [H-E] 
Basic relativistic diffusion in an Einstein-de Sitter-like manifold
In order to compare with the other relativistic diffusions, we mention first for the basic relativistic diffusion (of Section 3.1), the stochastic differential equations satisfied by the main coordinatesṫ s andṙ s , appearing in the 4-dimensional sub-diffusion (t s ,ṫ s , r s ,ṙ s ). By (49), we have, for independent standard real Brownian motions w,w :
Almost surely (see [A] ), lim s→∞ṫ s = ∞ , and x s /r s ∼ẋ s /|ẋ s | converges in S 2 .
R-diffusion in an Einstein-de Sitter-like manifold
With the above, Section 3.3 reads here, for the R-relativistic diffusion, when c ≥ 1/2 :
with the quadratic covariation matrix of the martingale part dM s given by :
In particular, we have for independent standard real Brownian motions w,w :
As the scalar curvature R s = 6c (1 − 2c)/t 2 s vanishes asymptotically, we expect that almost surely the R-diffusion behaves eventually as a timelike geodesic, and in particular that lim s→∞ṫ s = 1 .
E-diffusion in an Einstein-de Sitter-like manifold
Similarly, using (32), (47), (48), we have here Eξ −Tξ = 2(0 − H ′ )(ṫ 2ξ −ṫ U) , so that Section 3.4 reads here, for the E-diffusion :
In particular, we have for some standard real Brownian motion w : (50), (53), (56) respectively. We observe that even in this simple case, all these covariant relativistic diffusions differ notably, having pairwise distinct minimal sub-diffusions (with 3 non-proportional diffusion factors).
Asymptotic behavior of the R-diffusion in an Einstein-de Sitter-like manifold
We present here the asymptotic study of the R-diffusion of an Einstein-de Sitter-like manifold (recall Sections 5.1, 5.1.2). We will focus our attention on the simplest subdiffusion (t s ,ṫ s ), and on the space component x s ∈ R
3
. Recall from (48) thatṫ s = A s equals the hyperbolic angle, measuring the gap between the ambient fluid and the velocity of the diffusing particle. Recall also that, by the unit pseudo-norm relation,ṫ s controls the behavior of the whole velocityξ s . We get as a consequence the asymptotic behavior of the energy E s . As quoted in Section 5.1.2, we must have here c ≥ , the scalar curvature vanishes, and the R-diffusion reduces to the geodesic flow, whose equations are easily solved and whose time coordinate satisfies (for constants a and s 0 ) :
The proofs of this section (and of the following one) will use several times the elementary fact that almost surely a continuous local martingale cannot go to infinity.
The following confirms a conjecture stated at the end of Section 5.1.2.
Proposition 5.2.1 The processṫ s goes almost surely to 1, and E s → 0 , as s → ∞ .
Proof By Equation (53),
is a continuous martingale with quadratic variation 6̺ 2 c (2c − 1)
. Hence, sinceṫ τ ≥ 1 and therefore t τ ≥ τ , the non-negative process
converges almost surely as s → ∞ . This forces the almost sure convergence of the integral :
Consider now the functional a := t c ṫ 2 − 1 , which is constant along any geodesic.
, the process a s := t c s ṫ 2 s − 1 goes almost surely to infinity, and cannot vanish. Moreover, for any ε > 0 we have almost surely :
Proof We get from Equation (53) :
and then for any ε ∈ ]0, 1] and for some continuous local martingale M :
The signs in this last formula, and the fact that almost surely a continuous local martingale cannot go to infinity, imply the convergence of the last integral and of the martingale term M s , entailing the almost sure existence of a finite limit a , the space component converges almost surely (as s → ∞) :
Proof (i) Let us consider the non-negative process u s := t s (ṫ , by Lemma 5.2.2. By Equation (53),
is a continuous local martingale. Then, for any ε > 0 ,
is a continuous local martingale. By Proposition 5.2.1, the central term converges almost surely. This implies that
converges, almost surely.
(ii) By the unit pseudo-norm relation, we have t , to get : ; and along any lightlike geodesic, we have
This proves that x
, which converges only for c > 1 .
On the other hand, for c ≤ 1 , the behavior of the basic relativistic diffusion proves to satisfy (see [A] 
τ −→ ∞ (exponentially fast, at least for c < 1).
Hence, the R-diffusion behaves asymptotically more like a (timelike) geodesic than like the basic relativistic diffusion. However, owing to Lemma 5.2.2, the asymptotic behavior of the R-diffusion seems to be somehow intermediate between those of the geodesic flow and of the basic relativistic diffusion.
Asymptotic energy of the E-diffusion in an E.-d.S. manifold
We consider here the case of Section 5.1.3, dealing with the energy diffusion in an Einstein-de Sitter-like manifold, and more precisely, with its absolute-time minimal subdiffusion (t s ,ṫ s ) satisfying Equation (56), and with the resulting random energy :
Let us denote by ζ the explosion time : ζ := sup{s > 0 |ṫ s < ∞} ∈ ]0, ∞] .
Lemma 5.3.1 We have almost surely : either lim Proof By Equation (56),
is a continuous martingale with quadratic variation 2̺ 2 c
Hence, sinceṫ τ ≥ 1 and therefore t τ ≥ τ , the procesṡ
converges almost surely as s → ∞ . As 0 ≤ṫ −1 s∧ζ ≤ 1 , this forces the almost sure convergence of the integral :
< ∞ , and ofṫ s∧ζ , towards someṫ ζ ∈ [1, ∞].
Moreover, the convergence of the integral forces either ζ < ∞ and thenṫ ζ = ∞ , or ζ = ∞ and thenṫ ζ ∈ {1, ∞}. ⋄
The asymptotic behavior can, with positive probability, be partly opposite to that of the preceding R-diffusion : Proposition 5.3.2 From any starting point (t s 0 ,ṫ s 0 ), there is a positive probability that both A s =ṫ s and the energy E s explode. This happens with arbitrary large probability, starting withṫ s 0 /t s 0 sufficiently large and t 0 bounded away from zero.
On the other hand, there is also a positive probability that the hyperbolic angle A s =ṫ s does not explode and goes to 1, and then that the random energy E s goes to 0. This happens actually with arbitrary large probability, starting with sufficiently large t s 0 /ṫ s 0 .
Proof Let us set λ s := t s /ṫ s ≥ 0 . From the above proof of Lemma 5.3.1, we get directly : . Therefore, by Inequality (59), we have almost surely for any s ≥ s 0 :
Integrating this inequality and letting s ր ∞ yields :
Moreover, almost surely on the event {T = ζ}, the above inequality
implies clearly (using that a continuous martingale almost surely cannot go to infinity) ζ < ∞ , and by the previous lemma thatṫ ζ = ∞ . Then (58) implies the convergence of λ s∧ζ to some λ ζ ∈ R + . Furthermore,ṫ ζ = ∞ and λ ζ > 0 for finite ζ would imply trivially t ζ = ∞ , whence its logarithmic derivative should explode, which leads to a contradiction.
This proves that we have
Since (by the support theorem of Stroock and Varadhan, see for example Theorem 8.1 in [I-W] ) from any starting point the sub-diffusion (t s ,ṫ s ) hits with a positive probability some (t s 0 ,ṫ s 0 ) as above, we find there is always a positive probability thatṫ s and E s explode (together).
(ii) Let us now start the time sub-diffusion from (t s 1 ,ṫ s 1 ) such that n m ′ṫ s 1 ≤ t s 1 , with fixed m ′ ≥ 9̺ 2 c (1 + c) and n ≥ 2 + c , and consider
By Equation (56) we have at once : almost surely, for any s ≥ s 1 , ≤ 5/9 , we get :
This entails
T ′ = 0 almost surely on {T ′ = ∞} ), and
Hence, we get P (ts 1 ,ṫs 1 
is impossible, which excludes T ′ = ζ < ∞ . Therefore
Then from the equation for λ , using that 3 + 9c 2
, we get almost surely :
On this same event, by Equation (56) we have almost surely for any s ≥ s 1 :
which shows thatṫ s cannot go to infinity, since this would forbid the last integral, and then the right hand side, to go to +∞ . Hence, by Lemma 5.3.1, we obtain that almost surely {T ′ = ζ = ∞} ⊂ {ṫ s → 1}. The proof is ended as in (i) above, by applying the support theorem of Stroock and Varadhan, and by taking n arbitrary large. ⋄
Sectional relativistic diffusion
We turn now our attention towards a different class of intrinsic relativistic generators on G(M), whose expressions derive directly from the commutation relations of Section 2.2, on canonical vector fields of T G (M) . They all project on the unit tangent bundle T 1 M onto a unique relativistic generator H 
Intrinsic relativistic generators on G(M)
We shall actually consider among these generators, those which are invariant under the action of SO(d) on G (M) . To this aim, we introduce the following dual vertical vector fields, by lifting indexes :
We consider again a positive parameter ̺ . 
is self-adjoint with respect to the Liouville measure of T 1 M.
The proof will be broken in several lemmas. We begin with the following general and useful computation rules, derived from Sections 2.1 and 2.2.
Lemma 6.1.2 For 0 ≤ j, k, ℓ ≤ d , we have :
Proof We get the first formula by multiplying by η ip the formula of Lemma 2.2.2, and particularising to q = 0 . As to the second one, by particularising the latter to j = 0 and changing sign, we get :
Then, we note that R ℓ 00
. Finally, the last formula derives from the second one and from the commutation relations (4) and (6), as follows :
We get then first the following.
Proof Using the commutation relations (4) and (6), that V kℓ = 0 on C 2 (T 1 M) for 1 ≤ k, ℓ ≤ d , and (10), we have on one hand :
On the other hand, using this first part of proof and Lemma 6.1.2, we get :
We get then the following.
Proof As for the proof of Lemma 6.1.3, we use the commutation relations (4) and (6),
10), Lemmas 2.2.2 and 6.1.2, and the symmetries of the Riemann tensor. We have thus on one hand and on C 2 (T 1 M) :
In particular, we get [ [H i , H j 
And on the other hand, on C 2 (T 1 M) again :
. ⋄ The final assertion relating to the Liouville measure is proved as in Theorem 3.2.1. ∂ξ k ∂ξ ℓ .
Proof By Section 2.3, we have on C 2 (T 1 M) : (including now j = 0) .
On the other hand, by Formula (18) we have : This and (13), (14) yield the wanted formula, whose coefficients depend only on (ξ,ξ) ∈ T 1 M, as it must be by the SO(d)-invariance underlined in Proposition 6.1.1. ⋄
Sign condition on timelike sectional curvatures
The generator H 1 curv defined on T 1 M by Proposition 6.1.1 is covariant with any Lorentz isometry of (M, g) . Hence, it is a candidate to generate a covariant "sectional" relativistic diffusion on T 1 M, provided it be semi-elliptic.
As a consequence of Section 6.1, the intrinsic sectional generator we are led to consider on
Reciprocally, given any X, Y ∈ T M such that Distinguishing between collinear and non-collinear pairs X, Y , and denoting in the latter case by SK(X ∧ Y ) the sectional curvature of the plane associated with X ∧ Y , this condition splits into both : (α ′′ /α) ≤ 0 , together with :
for any non-collinear X, Y ∈ T M such that α 2 h(X ∧Y, X ∧Y )+h(Y, Y )−h(X, X) = α . We shall have proved that this condition is equivalent to the wanted inequality (61), if we show now that for any given α > 0 , any given plane P in T M is generated by pairs X, Y such that 
